We present an equilibrium statistical-mechanical theory of selectivity in biological ion channels. In doing so, we introduce a grand canonical ensemble for ions in a channel's selectivity filter coupled to internal and external bath solutions for a mixture of ions at arbitrary concentrations, we use linear response theory to find the current through the filter for small gradients of electrochemical potential, and we show that the conductivity of the filter is given by the generalized Einstein relation. We apply the theory to the permeation of ions through the potassium selectivity filter, and are thereby able to resolve the long-standing paradox of why the high selectivity of the filter brings no associated delay in permeation. We show that the Eisenman selectivity relation follows directly from the condition of diffusion-limited conductivity through the filter. We also discuss the effect of wall fluctuations on the filter conductivity.
I. INTRODUCTION
The statistical mechanical and kinetic theory of multiple ions competing for binding sites has enjoyed renewed interest in recent years because of a diversity of important applications, including e.g. surface adsorption [1] and adsorption in nanopores [2] , charge transport in porous electrodes [3, 4] , selective permeability of ion transport proteins [5] , and nanobiology [6, 7] .
In this context it is instructive to revisit, from the standpoint of statistical physics, the long-standing problem of the conductivity and selectivity of biological ion channels [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] : how can channels select K + ions at a ratio of 1000:1 over the (smaller) Na + ions, and nonetheless still conduct the K + ions at almost the diffusion-limited rate, approaching 10 8 ions per second? The unusual properties of these channels are mainly determined by the structure of their nano-scale selectivity filters.
The canonical K + selectivity filter is formed by a narrow ∼ 12Å long tunnel. It is lined by 20 oxygen atoms comprising four K + -binding sites, numbered S 1 -S 4 from the extracellular to the intracellular side [15, 18, 19] . An additional binding site S0 located at the extracellular mouth of the filter is partly hydrated and partly coordinated by the carbonyl oxygen.
Following the original ideas of [8, 9] a thermodynamic analysis of this structure attributes selectivity mainly [8, 12-14, 16, 17, 20, 21] to the difference in the free energy barrier for K + and Na + ions to enter the pore. This difference is usually expressed in terms of the excess chemical potential as (1) * dmitry.g.luchinsky@nasa.gov; w.gibby@lancaster.ac.uk; i.kaoufman@lancaster.ac.uk; p.v.e.mcclintock@lancaster.ac.uk † dogan.a.timucin@nasa.gov where ∆μ i =μ i −μ c i is the difference in excess chemical potential for an ion of type i in the bulk and in the channel.
It was observed, both in experiments and in molecular dynamics simulations, that the four binding sites are populated by K + ions with approximately the same probability [10, 11] . Each pair of ions is usually separated by at least one intervening water molecule, and "knock-on" like conduction occurs by transitions of the filter between two states where it contains either two or three K + ions respectively.
The dominant view about the selectivity and conductivity of this filter is based on the idea of a "snug-fit" [9, 20, 22] into a rigid filter that provides an isoenergetic, aquomimetic diffusion pathway for K + , whereas a Na + ion is confronted by large free energy barrier [8, 15] . However, this simple and elegant picture does not agree well with the observed flexibility of the channel walls [23] or the experimentally observed multi-ion nature of the transition mechanism [10] . It was proposed [11] that, in order to explain the observed phenomena, one may need to develop a non-equilibrium theory [17, 24] and/or take account of the multi-ion, multi-binding-site, nature of the conduction mechanism.
In what follows, however, we address the problem by application of equilibrium statistical mechanics. The statistical properties of the filter, coupled to solutions with a mixture of conducting ions, are obtained by introducing the grand canonical ensemble for ions within the filter. The permeating current is considered in the linear response regime. The interaction of charges within the filter is taken into account using the electrostatic selfenergy approximation.
We apply our approach to the analysis of ion permeation through the potassium channel. We show that the selectivity vs. conductivity paradox can be resolved because the equilibrium selectivity equation follows directly from the condition for barrier-less conduction.
In our derivation we follow the spirit and ideas of our earlier work [25] [26] [27] . For a single type of conducting ion, we recover the distribution of ions in the filter obtained previously [28, 29] .
The paper is organized as follows. In the next section we introduce a statistical mechanical theory of a generic selectivity filter with multiple binding sites coupled to solutions with mixed ions. In Sec. III we discuss the conductivity of the filter in the linear response regime. In Sec. IV we apply the theory to the analysis of conductivity and selectivity of the potassium channel. Finally, in Sec. V, we summarise the results obtained and suggest some future directions of the research.
II. MODEL OF THE SELECTIVITY FILTER
We consider an ion channel diffusively and thermally coupled to two bath solutions that may contain m different types of conducting ion, with n i being the number of ions of i-th type. In a typical situation of interest there are several binding sites in the channel pathway that can be occupied either by water molecules or by ions. The channel is shown schematically in Fig. 1 FIG. 1. Schematic representation of the selectivity filter coupled to bath solutions on the left and right. The binding sites S1 -S4 for cations are indicated by black squares. In this instance, two of them happen to be occupied by K + ions, shown as small blue circles.
In a single-file selectivity filter, each binding site can accommodate only one ion.
A. State space
Let us consider first an example where there are K distinguishable binding sites, i.e. such that the binding energy of each of them is different.
In a solution with m different types of permeable ion, the state space of the selectivity filter is defined by K numbers corresponding to the type of ion at each binding site
For an empty site, j i = 0. In general, the number of energy levels in such a system is (m + 1) K , where the 1 has been added to account for water molecules in the filter. Some of these energy levels are degenerate, because we may exchange the positions of ions of the same type without changing the energy. Additional restrictions may apply to reduce the number of different energy levels. For example, based on experimental evidence, one might require that there be at least one water molecule separating the cations in the filter.
For indistinguishable binding sites (i.e. sites having the same binding energy for a given type of ions) the state space is reduced and can be characterized by the number of ions of each type n j that are currently inside the filter
where m i n i ≤ K. Taking into account that indistinguishable binding sites can be filled either with water molecules, or with one ion out of the m types of ion that we consider, there are (K + m)!/m!/K! different energy levels in the system. This total is, however, subject to the possible additional constraints mentioned above.
In what follows we will assume for simplicity that the filter can be represented by a set of indistinguishable binding sites; we will leave the more general case of distinguishable binding sites for future publications.
To find binding probabilities we will derive a grand canonical ensemble for ions in the filter coupled to the mixed solutions. First, we find the total energy of system, counting explicitly the number of ions in each solution and in the filter. Next, we separate the degrees of freedom for the solutions and filter, which allows us to introduce an effective grand canonical ensemble for the filter.
B. Energy of the system
The electrochemical potential µ s i = (∂E s /∂n s i ) S,V of the i-th type of ion in the bulk solutions in the applied field can be written as
Here
N s is the number of moles,μ Note that in (4) we have neglected interactions between ions of the same polarity, which is a reasonable approximation for bulk solutions under physiological conditions.
The ions in the channel are characterized by their excess chemical potentialμ c i , static electric potential φ c (i.e. within the potential drop between the entrance and exit of the selectivity filter), and the energy of their electrostatic interaction with the channel charge which we model as being on its walls ε ({n j }, n f ).
Note, that in general one cannot say how many ions entered the channel from the left (n i ) or right (n i ) solutions. So we assume that the number of ions in the filter is n i = n i + n i . Similarly, for the water molecules, we have n w = n w + n w .
For a specific state with the set of {n 1 , n 2 , . . . , n m } ions and n w water molecules in the filter, the energy of the system can be written
In equilibrium the following condition holds separately for each of the permeating species
and we can rewrite equation (5) in terms of either the left or right chemical potentials
where s is either L or R.
The energy levels with non-zero numbers of ions in the filter can be considered as excitations of the ground state corresponding to an empty filter filled with water molecules.
In (6) E 0 = T S − pV is the thermodynamic part of the energy of the bulk solution. Next there are two terms related to the energy required to add (N w − n w ) water molecules and (N i −n i ) ions to the bulk solution. N w is the total number of water molecules with excess chemical potential µ w in the bath of volume V , and N i is the total number of ions of the i th type in the system. The term i (N i − n i )µ s i takes explicit account of the fact that the number of ions in the solution is changed due to their transfer to the filter. However, we neglect the corresponding changes in chemical potential µ 
ni [28] . The last two terms in the second row correspond to the energy required to insert n w water molecules into the filter. The term (kT ln n w !) takes into account permutation of the water molecules in the filter.
The last row describes the energy required to add n i ions of i th type to the filter. The term ( i n i !) takes into account the permutations of each type of ion in the filter with the indistinguishable binding sites.
The last term in (6) plays an important role in ionic conduction and selectivity, and it needs to be considered in more detail.
C. Ions-filter interaction
The final term in equation (5) corresponds to the ionion and ion-filter interactions inside the filter. It is known that this interaction is important and cannot be neglected.
In general, the estimation of this interaction is a nontrivial problem [30, 31] . However, in the first approximation it can be accounted for as the electrostatic selfenergy of the ions in the filter [25, 30] . The latter can be written as
where i n i is the total number of ions in the channel and n f is the fractional number of fixed unit charges q on the channel wall. We note that n f is one of the main mutation parameters in the system and that it usually takes negative real values between 0 and −6. The energy defined by equation (7) is equivalent to the electrostatic energy of the electrons in a quantum dot [32, 33] and, as in the case of a quantum dot, C can be identified [30] as the channel capacitance.
Assuming that the electric field in the filter does not penetrate the protein walls, the channel capacitance C can be estimated as
For a more accurate evaluation of C see e.g. [34] . Qualitatively, the results obtained do not depend on the specific form of the interaction, which can be written as a general quadratic form ik β ik n i n k /2N [35] , where the sum runs over all the charges, including the wall charge; see also [36] for an example of a different type of interaction.
D. Grand canonical ensemble of the selectivity filter
To introduce the grand canonical ensemble for ions within the filter one has to separate its degrees of freedom from those of the ions in the bulk solution. This can be done by simple rearrangement of the terms in equation (6) , which gives
Here ∆μ In what follows, however, we will neglect for simplicity the contribution of the water molecules to the filter energy.
We note that the first three terms in equation (9) correspond to the constant energy of the bulk solutions, while the remaining terms depend on the filter's degrees of freedom. This allows us to factorize the partition function for the whole system into a product of two terms related respectively to the solution and to the filter.
Once the degrees of freedom have been separated, we can write the grant canonical ensemble for the filter [37, 38] in a form
that depends on the parameter n f . The resultant grand partition function is
where {n j } runs though all possible configurations of conducting ions in the filter. The grand potential of the filter is then given by
To enable a comparison of the value µ c with the results of molecular dynamics simulations, we note that equation (11) can be related to the effective Grand Canonical Partition function introduced in [28, 29] .
This can be done if we consider only one type of conducting ion and note that the configuration integral defined in equation (22) W(r 1 ...r n ) is defined in [28] as the potential of mean force of n ions located in the channel at coordinates r 1 , ..., r n . Bearing in mind the definition (13), equation (10) for the probability of finding n ions in the filter (with m = 1) reduces to the n-ion binding factor given by equation (17) in [28] .
Equation (13) serves as an operational definition of µ c + ε (n, n f ) in the molecular dynamics simulations.
III. CONDUCTIVITY OF THE FILTER IN THE LINEAR RESPONSE REGIME
In equilibrium, the electrochemical potentials µ i are constant across the system for each species and the corresponding Nernst resting potentials (∆φ eq i = φ R − φ L ) are defined by the usual expression (cf. [28] )
Out of equilibrium, the current through the system is given [40, 41] by the sum of the diffusion and conduction currents
where u i is the mobility. Equation (15) can be rewritten following derivation of [42, 43] noting that, in equilibrium,
where η i = kT ln a i and µ i are the chemical and electrochemical potentials respectively. On substituting (16) into the equation for the current, we have
In equilibrium j i = 0 and µ i = 0, and one arrives [42, 43] at the generalized Einstein relation [42, 44, 45] 
between the ions' conductivity σ i = qc i u i and their diffusion constant D, and the concentration c i is defined as the mean number of ions in the filter divided by the filter volume. Close to equilibrium the relation (18) still holds and from equation (17) we obtain [42, 43] (cf. [3, [46] [47] [48] ) the current in the linear response regime as
where the conductivity σ i is given by equation (18) . To calculate the filter conductivity, we note that the concentration of ions in the filter c i is proportional to the mean number of ions in the filter divided by the filter volume. The mean number of particles and the variance in the grand potential can be found as
Here the chemical potential of the filterη i can be found as the difference between the free energies of the filter [49] containing either (n i + 1) and or n i ions of a given type.
The theory also offers a way of estimating the coupling between the conducting ions observed in moleculardynamics simulations [50] . It can be estimated as follows
The generalized Einstein relation (18) plays a fundamental role in the conduction of systems with discrete numbers of particles and energy levels, including both quantum dots [32, 33] ) and ion channels [25] [26] [27] .
This relationship is intuitively clear, because conduction occurs through a number of random steps. In each of these an extra ion enters and another ion leaves the filter. Therefore, the larger the number of such steps per second (i.e. the larger the fluctuations in ion number), the larger the conductivity of the filter becomes.
We will now apply the theory outlined above to the analysis of ions permeating the potassium channel. We will thereby demonstrate that it is the generalized Einstein relation and Coulomb blockade that underly its unusual [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] selectivity and conductivity properties.
IV. APPLICATION TO THE POTASSIUM FILTER
Within the proposed formalism, the maxima in conductivity of the selectivity filter correspond to resonancelike peaks [25] [26] [27] in the number of ionic fluctuations in the filter. In this section we will reveal how these maxima are related to the parameters of the potassium filter and to the Eisenman selectivity condition (1) .
To analyze permeation of the potassium filter, we assume that there are only two types of conducting ion in the bath solutions: Na + and K + . The excess chemical potentials of these ions areμ N a andμ K in the baths, and µ c N a andμ c K in the filter. Note that we do not discuss here the origin of the interaction at the binding site. Instead, the interaction is parametrized by the values of ∆μ i and ε({n i }, n f ), and the effect of these parameters on the filter permeation is then analyzed.
Note also that the analysis involve some additional approximations. For example, it is assumed that the binding sites have the same structure and that the channel pathway is a dielectric with constant dielectric permittivity w [51] .
The values of the parameters ∆μ K and ∆μ N a are chosen in the numerical examples below to guarantee that the free energy barrier in equation (1) is reasonably close to earlier estimates [10, 12, 16] .
The total charge on the filter wall qn f should be viewed as an estimate of the charge facing the ions' pathway [52] .
In these estimations we follow MacKinnon idea of charge balance [52] and the observation [10] that the number of K + ions in the filter fluctuates between 2 and 3. We take the corresponding effective charge to be around −2.5q, i.e. approximately −0.6 per site, cf. [53] .
We emphasize, however, that the mechanisms of permeation and selectivity described below do not depend on the exact values of the model parameters.
A. States of the filter
As a first step in our analysis we find possible arrangements of the ions in the filter. We recall that only one ion at a time can bind to a given binding site in the single-file approximation (see Fig. 1 ). I.e. each site can be in one of three states: empty (containing a water molecule) or filled with one potassium or with one sodium ion
In accordance with experimental observations, we allow the filter to hold at most three ions simultaneously. This assumption is consistent with the fact that the selfenergy barrier becomes prohibitively large for the filter to hold more than three ions if the total negative charge on the channel wall is less than 3q. In this case the full state space of the filter with indistinguishable binding sites is
The energy levels are associated with distinct configuration of ions in the filter. The shapes and positions of these levels depend on the properties of the filter, the concentration of conducting ions in the baths, and the applied voltage. We will now consider this dependence in more detail.
B. Energy levels
The free energy of the filter containing n K and n N a ions is
where s refers to either left (s = L) or right (s = R) bath, see Sec. IIII B.
The self-energy barrier for the charges in the filter pathway is of the form (see Sec. II C)
where n f is the fractional number of fixed negative charges on the filter wall. In total, there are ten different energy levels in the system, corresponding to the ten possible configurations of conducting ions given by (24) . Nine of them are shown in Fig. 2 as functions of the fixed charge on the wall n f (and the tenth level corresponds to an unoccupied channel). The estimations were performed for a filter of length L = 12Å, radius R = 1.5Å, and dielectric constant w = 80. The resultant value of q 2 2C ≈ 18.5kT , φ = 0, and values of ∆μ K and ∆μ N a are given in the figure caption.
From Fig. 2 it is evident that there are four sets of parabolic energy levels. The lowest ones (blue solid lines) correspond to the filter being filled with one, two, or three K + ions, respectively. The highest energy levels (orange dotted lines) correspond to the system states with Na + , 2Na + , and 3Na + . The mixed states of the filter filed with K + and Na + ions are of intermediate energy as shown by green dashed lines.
We emphasise that the levels are quadratic functions of n f in accordance with equation (26) . The curvature at their minima is determined by the value of U c .
The energy level minima shown by the black dots correspond to the condition
If we neglect the contributions to G coming from the electrochemical potential, all the minima will then be at zero energy corresponding to the reference state shown in the figure by the horizontal black dashed-dotted line. In this case we recover the situation analyzed in our earlier work [25] [26] [27] with symmetric solutions in the absence of dehydration.
In general, the location of the minimum in each case is determined by the value of the electrochemical potential given by first four terms in equation (25) .
The position of the levels for various types of ion provides an insight into the selectivity filter's population, selectivity, and conductivity as will now be discussed in more detail.
C. Filter occupancy and conductivity
To analyze the channel occupancy and ∆n 2 i , we use the following equations which are equivalent to the definitions (20) and (21) 
The binding probabilities P (n i , n f ) in equations (27) are given by (10) , and the summation is carried out over all configurations of the ions in the filter.
The resultant occupancies and their fluctuations are shown in Fig. 3 (a) for the same model parameters as in Fig. 2 . It can be seen that the occupancy of K + ions has the staircase-shape familiar from research on quantum dots [54] and our earlier work on valence selectivity [25] [26] [27] . At each step the average number of K + ions in the filter increases by one, starting from zero ions at n f = 0 and ending with three K + ions at n f = −3. The occupancy by sodium ions remains smaller than 0.01 for all values of n f and physiological values of the other model parameters.
The fluctuations in the number of K + ions in the filter exhibit a sharp peak at the location of each step, whereas fluctuations in the number of sodium ions in the channel are very small for all values of n f , as shown in Fig. 3(b) .
According to linear response theory the current through the filter is proportional to the ∆n 2 K indicating that K + conductivity will be sharply peaked at the transition point, approaching the diffusion limit: see equation (18) .
This result is intuitively clear, because these points correspond to degeneracies in the system (cf. [54] ), when adding or removing the third K + ion to or from the filter does not cost any energy. It was pointed out in our earlier work [25] [26] [27] that ionic transfer through the filter at the transition points corresponds to the "knock-on" mechanism of conduction within Coulomb blockade theory.
On the other hand, when the filter fits "perfectly" (i.e. its energy has a minimum) for an integer number of K + ions, its conduction is blocked. This result of equilibrium statistical theory provides an insight into the earlier argument [17] that the "snug-fit" model cannot describe ionic conduction through the filter at nearly the diffusion speed. It follows from this discussion that the condition for maximum K + conductivity is
If we require barrier-less conduction of the K + ions, the transition point must also satisfy an additional condition
We note that this second condition for a given set of parameters can be only satisfied for the 2K + → 3K + transition, in agreement with experimental observation [10] .
The ability of nano-filters to "resonantly" conduct ions for a specific value of negative charge on the channel wall, and to block an ion's passage through the filter at a different value of the fixed charge, is the essence of the ionic Coulomb blockade theory of biological channels [25] [26] [27] and of artificial nanopores as originally envisaged in [55] . The same property underlies the "band structure" of the ionic current through channels discovered in our earlier work [25, 26] .
To understand how these nano-filters can select between ions of the same valence for a given fixed charge n f = −2.45 on the wall, we note that there are three transition points corresponding to the "knock-on" mechanism of conductivity at value of n f , as shown in Fig. 2 . Only the lowest-energy transition point corresponds to the pure K + conduction with G(2K + , n f ) = G(3K + , n f ) ≈ 0. All other transition points correspond to mixed conductivity. The first one, at the the transition point KNa→ 2KNa, corresponds to conduction involving two K + ions one Na + ion. The second one, at the the transition point Na→K2Na, corresponds to conduction involving one K + ion two Na + ions. Fig. 2 shows that the transition points corresponding to mixed conductivity have high potential barriers, and that their height increases with increasing numbers of participating sodium ions. Thus the first and second mixed conductivity points have barriers of ∆G ≈ 6kT and ∆G ≈ 12kT , respectively.
It is evident that pure sodium conduction would have to overcome the highest free energy barrier of all (≈ 16kT ) and also that it is characterised by a different value of n f −2.61.
We conclude, therefore, that the conductivity of sodium through the filter would be impeded by prohibitively large free energy barriers, effectively blocking its conduction. We will now derive the equation for this barrier under the condition that the filter is tuned to conduct K + ions at the maximum rate.
D. Generalized Eisenman selectivity of the filter
It was shown in the previous subsection that the KcsA selectivity filter can conduct K + ions at a rate close to that of free diffusion provided that two conditions fulfilled:
These two conditions define the optimal n * f and optimal excess chemical potential ∆µ * K in terms of the characteristic electrostatic self-energy U c , applied voltage, and bulk concentrations in equilibrium. The optimal values of n * f and ∆µ * K are obtained by solving simultaneously the following equations
Here ∆µ K = ∆μ K + q∆φ s + kT ln (x K /n K !). Substituting these values into the free energy G(n K , n N a , n * f ) for a filter that contains one additional Na + ion gives the following barrier for the latter ion to enter the channel
Thus we can see that the Eisenman selectivity relation (1) follows directly from the equilibrium statistical theory of the filter under conditions of fast diffusion-limited conduction of K + ions. We note the presence of an additional term proportional to the logarithm of the ion concentration ratio in the bulk. To emphasize the influence of concentration on the selectivity of the filter, we will call the relation (32) the generalized Eisenman relation.
It is also interesting to note that these results shed new light on the relationship between the filter selectivity and the large fluctuations of the channel walls observed experimentally. Indeed, fluctuations of the filter walls are already included in the energy levels and selectivity conditions of the system. These conditions are obtained by averaging the system response on a timescale much larger than the characteristic timescale of fluctuations, but much smaller than an ion's time of passage through the system.
We therefore conclude that, within statistical theory of the selectivity filter, the main effect of wall fluctuations is an increase of the diffusion coefficient D in the equation for the current (19) and therefore an increase in the conductivity of the system.
V. CONCLUSIONS
In summary, we have introduced and developed a statistical mechanical model of conductivity and of selectivity between ions of the same valence in biological selectivity filters. The theory consists of two main parts: a grand canonical ensemble for the ionic distribution in the filter coupled to two baths with mixture of conducting ions of arbitrary concentration; and the equation for the current through the filter in the linear response regime with the conductivity being given by the generalized Einstein relation.
We formulated the conditions required for high diffusion-limited barrier-less conductivity in such filters and showed that, in the presence of dehydration, these conditions are valid only for one of the conducting ion species.
We then applied this theory to the analysis of the selectivity and conductivity of the KcsA filter and proposed a resolution of the long-discussed paradox of its high selectivity being combined with high conductivity. The paradox is resolved by showing that the Eisenman relation for filter selectivity follows directly from the condition for fast barrier-less conduction of K + ions. The results obtained also illuminate the longdiscussed relationship between the "snug-fit" model and experimentally-observed large fluctuations of the channel wall. We demonstrated that a filter that is "perfectly" fitted to accommodate an integer number of ions does not conduct. In sharp contradistinction, high conductivity corresponds to the situation when the filter is tuned to have an equal probability of containing either 2 or 3 ions. In our model, the large wall fluctuations result solely in an increase of the effective diffusion coefficient (and thus conductivity) of the filter, without affecting its selectivity.
The proposed theory is also applicable to the analysis of the current though artificial nano-pores [6, 7] , for which the corresponding analysis will be a subject of future research.
The results obtained can be extended to encompass filters with distinguishable binding sites and mixed conduction by mono-and divalent ions. j i (τ )dτ and substituting into (A1), [50, [57] [58] [59] , cf [29] ) that the relationship between conductance and meansquare displacement of the charge transferred through the system takes the form
Indeed, it is well known that, for a small conductor in equilibrium with a large reservoir of heat and particles, the total charge fluctuations depend on the associated capacitance [60] as
The corresponding autocorrelation function Q 2 (t) ∝ Q 2 exp (−t/RC), can be viewed as a consequence of the Onsager regression hypothesis [58] applied to the parallel RC-circuit model of the channel (cf. a different proof given in [60] ). We conclude that the channel conductivity is proportional to the charge fluctuations and thus to particle number fluctuations.
